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Abstract. We consider the nonlinear boundary value problem consisting of 
the equation 

- u" = /(m) + /i, a.e. on (-1, 1), (1) 
where h G 1), together with the multi-point, Dirichlet-type boundary 

conditions 

m± 

n(±l) = ^a±«(r,±), (2) 
j=i 

where ^ 1 are integers, = (a^ , . . . , Om) G [0, 1)™* , r/^ G l)"** , 
and we suppose that 

We also suppose that / : R — > R is continuous, and 

< /±oo := lim < oo 

s — ^itoo s 

(we assume that these limits exist). We allow faa ^ /— oo — such a nonlinearity 
/ is said to be jumping. 

Related to (1) is the equation 

-u" = X{au+ -bu-), on (-1,1), (3) 

where A, a, fe > 0, and u^{x) = max{±M(x),0} for x G [—1,1]. The prob- 
lem (2)-(3) is 'positively-homogeneous' and jumping. Regarding a, b as fixed, 
values of A = A(a, b) for which (2)-(3) has a non-trivial solution u will be 
called half-eigenvalues, while the corresponding solutions u will be called half- 
eigenf unctions. 

We show that a sequence of half-eigenvalues exists, the corresponding half- 
eigenfunctions having specified nodal properties, and we obtain certain spectral 
and degree theoretic properties of the set of half-eigenvalues. These properties 
lead to solvability and non-solvability results for the problem (l)-(2). The set 
of half-eigenvalues is closely related to the 'Fuci'k spectrum' of the problem, 
which we briefly describe. Equivalent solvability and non-solvability results 
for (l)-(2) are obtained from either the half-eigenvalue or the Fuci'k spectrum 
approach. 



1. Introduction 

We consider the nonlinear boundary value problem consisting of the equation 

-u" = f{u) + h, a.e. on (-1, 1), (1.1) 

where h G L^(~l,l), together with the multi-point, Dirichlet-type boundary con- 
ditions 

m± 

«(±l) = 5]a±«(,7±), (1.2) 
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where ^ 1 are integers, = {af,...,a^) € R™*, 77^ G (—1,1)™*. We 
suppose that / : M M is continuous, and 

f(s) 

< /±oo := lim < 00 (1.3) 

(we assume that these Hmits exist). We allow /oo 7^ /-oo in (|1.3p — such a nonlin- 
earity / is said to be jumping. 

We will require some further notation, and conditions, for the coefficients a^, 
which we now describe. For any integer m ^ 1 and any point a G M™, the notation 
a = 0, a^^O, a>0 will mean = 0, ^ 0, > 0, for i = 1, . . . , m, respectively; 
A™ will denote the set of a G W" satisfying 

m 

1=1 

while ^™ will denote the set of a G A'" satisfying a ^ 0. Throughout the paper 

we will suppose that G A^"^ . 
Related to (jl.ip is the equation 

-u" = au+-bu-, on (-1,1), (1.5) 

where a, 6 > 0, and u^{x) = max{±M(a;), 0} for x G [—1,1]. Putting a = /oo, 
6 = /-oo, and /i = 0, we can regard (jl.Sp as a limiting form of (jl.ip as |u| — ?> 00 
(this will be made more precise below). However, we will consider p.Sp , and variants 
of this equation, in its own right with general values of a and h (see Remark 13. 31 (ii) 
below for why we assume that a, h > 0). 

The boundary value problem (jl.2p . (jl.Sp has a positively-homogeneous jumping 
nonlinearity, in the sense that if u is a solution then tu is also a solution for all 
t ^ 0. We can now define the Fucik spectrum of (|1.2p . (jl.Sp . to be the set 

Sf := {(a, 6) e : ([13), (HU has a non-trivial solution u}. 

The Fucfk spectrum of problems with separated boundary conditions has been used 
extensively to derive criteria for the solvability, or non-solvability, of the general 
nonlinear problem (|l.ip . (|1.2p . Such criteria have usually been described in terms 
of the location of the point {focnf-00) in relative to the spectrum E^- See, 
for example, [U [71 [TT] and the references therein (there are over 80 papers on 
Mathscinet with 'Fucfk spectrum' in the title). 

An alternative, real-valued, spectrum, which also yields solvability criteria for 
p.ip , (|1.2p , can be defined by considering the equation 

-u" = \{au+ -hu-), on (-1,1), (1.6) 

with a spectral parameter A > 0. The problem (|1.2p . (|1.6p again has a positively- 
homogeneous jumping nonlinearity. Regarding a, 6 as fixed, we will say that any 
A for which (jl.2p . (|1.6p has a non-trivial solution u is a half-eigenvalue^ and m is a 
half- eigenf unction, and we define a corresponding spectrum to be the set 

= fe) := {A G M : (|1.2p . (|1.6p has a non-trivial solution u}. 

For problems with separated boundary conditions the half-eigenvalue spectrum has 
also been extensively investigated, see for example [H] [12], and the references 
therein, and a detailed comparison of the Fucik and half-eigenvalues approaches 
to the solvability of ([LT|) . (fr2|) is given in [12]. 
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Of course, in the current setting (with a, b constant) these spectra are closely 
related, since a point (a, &) G S_f if and only if 1 G S//(a, &). However, when the 
coefScicnts a, b arc variable (which one would naturally consider when /, and the 
limits f±oc, depend on x) it is not so clear how to even define the Fuci'k spectrum, 
and it is more difficult to obtain solvability criteria for the general problem 
()1.2|) . In this case such criteria are usually given in terms of the location of the set 
of points {{fooix), f-oo{x)) : x G (—1, 1)} C M^, relative to the constant coefficient 
Fuci'k spectrum Hp, see [12] for more details. On the other hand, when a, b are 
variable the spectrum S// (a, 6) can be defined just as above, and it is shown in |12| 
that in this case the half-eigenvalue approach can yield stronger solvability results 
than the Fuci'k spectrum approach. 

In our discussion of the multi-point problem here we will only consider the con- 
stant coefficient problem, so the two approaches are, in principle, equivalent. De- 
spite this, we will use the half-eigenvalue approach since our method of obtaining 
the spectrum, and its properties, will rely heavily on having a single parameter 
A G K, rather than a point (a, b) G M^. 

Remark 1.1. The papers [lTl[T2] actually use half-eigenvalues defined by equations 
of the form 

— u" = au'^ — bu~ + Xu, on (—1, 1), (1-7) 
rather than (|1.6p . However, for the separated problem there is little difficulty in 
converting the results of [HI [12] to the setting of (|1.6p . Somewhat surprisingly, 
we find that this is not true in the multi-point setting. In fact, we find that it is 
considerably easier to deal with the half-eigenvalue formulation (|1.6p rather than 
(|1.7p . which is why we use (jl.6p here. Indeed, the paper [2] considered (|1.7p 
together with the 3-point boundary condition 

w(— 1) = 0, m(1) = auirf) 

(in the present notation), and encountered considerable technical difficulties. The 
results we obtain here will generalise the results of [M] to the much more general 
multi-point conditions (|1.2p , while avoiding many of the diflSculties encountered in 

Remark 1.2. When = the boundary conditions (|1.2p reduce to the standard, 
separated Dirichlet conditions at a; = ±1, so we have termed the conditions (|1.2|) 
'Dirichlet-type'. Similar results to those below can also be obtained for multi-point 
'Neumann-type' conditions, or a mixture of these, see [9] or [16] (the Neumann-type 
problem is slightly more complicated because a 'multi-point operator' A, which 
we introduce in Section 12.11 below, is non-singular since constant functions lie in 
its kernel — however, this can be dealt with in the manner described in [16)). 
More general nonlocal boundary conditions can also be considered, as described 
in Section 1.1 of [9]. For brevity we will not consider any of these cases further 
here — given the methods here, the extensions to these other cases is relatively 
straightforward. 

We conclude this section with a brief description of the contents of the paper. 
Some preliminary results are described in Section [2] In Section [3] we state (without 
proofs) our main results on the spectral theoretic properties of the half-eigenvalue 
problem, and on solvability and non-solvability conditions for a corresponding in- 
homogeneous form of (|1.2p , (|1.6p (the solvability conditions are expressed in terms 
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of the half-eigenvalues). These results are similar to those obtained in [TT] for 
separated boundary conditions. We also give some examples which show that our 
assumption that the coefficients £ A™ is optimal, and cannot be relaxed to 
the condition g A"^^ , which is known to suffice for the linear, multi-point eigen- 
value problem (see [H]). These results also enable us to easily construct the Fucfk 
spectrum Ep, and we give a brief description of this in Section [3?3l We then begin 
the proofs. In Section |4] we prove an existence and uniqueness result for a problem 
consisting of equation (|1.2|) together with a single, multi-point, boundary condition 
(this problem could be regarded as a multi-point analogue of the usual initial value 
problem for equation (|1.2I) ). As usual, the uniqueness result for this multi-point, 
'initial value problem' then implies the simplicity of the half-eigenvalues (in a suit- 
able sense). The results stated in Section [3] are then proved in Sections [5] and [6] In 
Section [7] we extend the solvability and non-solvability results of Section [3] to the 
more general problem (jl.ip . ()1.2|) . and in Section |8] we obtain a global bifurcation 
theorem, and nodal solutions of this problem. 

2. Preliminary definitions and results 

2.1. Function spaces and notation. For any integer n ^ 0, C"[— 1, 1] will denote 
the usual Banach space of n-times continuously differentiable functions on [—1,1], 
with the usual sup- type norm, denoted by | • |n (all function spaces are taken to be 
real). Let 

X -.^{ue C^[-l, 1] : u satisfies ([O])}, Y C°[-l, 1], 

with the norms | • I2 and | • |o respectively. We define a bounded linear operator 
A:X^Yhy 

Au := -u", ueX. 

This operator has a bounded inverse A^^ : Y ^ X, see [HI Theorem 3.1]. The 
following spaces will also be useful 

X -.^{ue W^-\-l, 1) : u satisfies (HI])}, Y := L^-l, 1), 

where W'^'^{—1, 1) denotes the usual Sobolev space of functions with second order 
derivatives in L^(— 1,1) (L^(— 1,1) and W^^'^(— 1,1) will be endowed with their 
usual norms). It can readily be checked that A extends to a bounded, invertible 
operator A : X ^ Y, see [El Remark 3.4]. 

Up to now we have regarded a^, 77^, as constant, and omitted them from the 
notation, for example, for the operator A. However, in some of the discussion below 
it will be convenient to regard some, or all, of these as variable, and we will then 
indicate the dependence on these variables in the obvious manner. In particular, 
we let a := (a~,a+) and A+ := »4™ x A'J^^ , t] := (ry^,r/+), and we will write, for 
example, A^^{a.) for a £ A+ (note that X also depends on a., but Y does not). 

2.2. Nodal properties. We now introduce some notation to describe the nodal 
properties of solutions of (|1.1|) or (|1.5|) . Firstly, for any function u, if u{xo) = 
then xq is a simple zero of u if u'{xo) 7^ 0. Now, for any integer k ^ 1 and any 
1/ £ {±}, we define Tk^,j C X to be the set of functions u ^ X satisfying the 
following conditions: 

T-(a) u'{±l) ^ and iyu'{-l) > 0; 

T-(b) u' has only simple zeros in (—1, 1), and has exactly k such zeros; 
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T-(c) u has a zero strictly between each consecutive zero of u' . 
We also define Tk T+ U . 

Remarks 2.1. (i) If m S ,y then u has exactly one zero between each consecutive 
zero of m', and all zeros of u are simple. Thus, u has at least k — 1 zeros in (—1,1), 
and at most k zeros in (—1, 1]. 

(ii) The sets T^^i, are open in X and disjoint. 

(iii) The sets Tk^i, were introduced in [13]. Similar, but slightly different, sets have 
been used to describe the nodal properties of solutions in the separated boundary 
condition case, but it is shown in [13) that the sets Tk^u arc more suitable for the 
multi-point problem. 

(iv) The symbols ± are used in two different contexts in this paper: (a) they refer to 
the end points ±1 at which the boundary conditions hold (cf. (|1.2[) '): (b) they refer 
to the sign properties of the nodal solutions u, in particular, through part T-(a) of 
the above definition of the sets Tk^iy- To attempt to keep the distinction between 
these usages clearer, we use superscript ± to denote the boundary condition context, 
and subscript ± to denote the sign context (except in the usage for the positive 
and negative parts of m, as in equation ()1.6|) — this usage seems too well-established 
in the literature to change it here). 

3. Half-eigenvalues and solvability properties 

3.1. Half-eigenvalues. In this section we consider the half-eigenvalue problem 
(|1.2p . (jl.6p . which we rewrite in the form 

- Au = A(au+ - bu~), u£ X. (3.1) 

General results on half-eigenvalues, and associated solvability and degree theoretic 
results, are described in [T] and lllj for Sturm-Liouville problems with separated 
boundary conditions. In this section we describe similar results for the multi-point 
problem. 

Theorem 3.1. Suppose that a,b > and a £ A+. For each k ^ 1 and v G {±} 

there is exactly one half- eigenvalue Xk.w = Xk,iy{a,b) > of (|3.ip with a half- 
eigenfunction Uk.u = Uk.uio-i £ Tk^u, o-nd there are no other half- eigenvalues. The 
sequence of half- eigenvalues is strictly increasing, in the sense that 

k' > k => Xk'.y' > \kM^ for each v' , v £ {±}. (3.2) 

In addition, ±ui,± is strictly positive on (—1, 1), and limfc_j.oo Xk,± = oo. 

Naturally, the half-eigenvalues in Theorem 13.11 depend on all the parameters in 
the problem (j3.ip . The following result shows that this dependence is continuous. 

Corollary 3.2. The half- eigenvalues Xk,±, k ^ 1, are functions of the variables 
(a, b, a, q) m x ^+ x (-1, 1)™"+™+ . 

Remarks 3.3. It can easily be seen, from the form of the differential equation (|1.6p 
when u is positive or negative, that if a (non-trivial) solution u changes sign at least 
3 times then a, b, A must all be non-zero and have the same sign, so Theorem 13.11 
cannot hold unless this is true. Thus, without loss of generality, we assume here 
that a, 6, A are all positive. 
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Remarks 3.4. For the separated half-eigenvalue problem (a 7^ 6, a = 0), similar 
results to those of Theorem 13.11 are proved in [1] Theorem 2] , [21 Theorem 4] and 
[111 Theorem 5.1], although these papers mainly consider half-eigenvalue problems 
of the form 

— Au ~ au^ — bu' + Am (3.3) 
with variable coefficients a, 6 (recall Remark [OJ. 

Remark 3.5 (Eigenvalues). When a = h (with a ^ Q) the problem (|3.ip reduces to 
the linear multi-point eigenvalue problem 

- Au = Aau, u€ X. (3.4) 

The spectral properties of ([3.4|) . with a = 1, are obtained in [15l Theorem 3.1], and 
it is clear that if we denote the eigenvalues and eigenfunctions of this problem by Xk 
and Ufe, fc ^ 1, then Afc^±(a, a) = Afe/a and we may suppose that Ufc,±(a, a) = ±Uk- 
Thus Theorem 13.11 above extends the linear eigenvalue results in [TS] Theorem 
3.1] to the half- eigenvalue problem (however, [15] also deals with the p-Laplacian 
eigenvalue problem, and the results in [15] are valid for all £ A'"' ). 

It is shown in [T5] that for the eigenvalue problem (with a = b = 1) Theorem l3.1l 
holds for all a E A, but need not be true ii a ^ A. The following examples show 
that for the half-eigenvalue problem Theorem 13.11 need not be true ii cy. € A \ A+ , 
that is, if satisfy (|1.4p but some of the coefhcients af are negative. Each of 
these examples have a Dirichlet condition at — 1 , so the corresponding solutions can 
easily be sketched, and the truth of the assertions should then be clear. 

Example 3.6. The problem 

u(-l) = 0, u{l) 
has a half-eigenf unction u £ dTi_^ given by 

, , /l;sinf (x + 1), xe(~l,i), 
u{x) := < 

|^-icos7r(a; - 1), xe(|,l). 

Example 3.7. If (5 > is sufficiently small then the problem 

-u" = + 6f u+ - {^)\~ 
u(-l)=0, u(l) = -iu(0). 

has no half-cigcnfunction u £ 72^+. 

Remark 3.8. It will be seen that the proofs of Theorems 13.11 and 18.11 below rely on 
the fact that eigenfunctions cannot lie in the boundaries of the sets Tk^i, (so that 
the nodal properties of the eigenfunctions are preserved as parameters are varied). 
It will be shown that this is true when a £ A-i- , but Example 13.61 shows that it 
need not be true when ot E A \ A+ . 
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3.2. Solvability properties. In addition to eigenvalues, linear spectral theory is 
also concerned with the solvability of inhomogeneous problems. Accordingly, we 
will consider the solvability of the inhomogeneous equation 

- Au = A(aM+ - + /i, u€X, (3.5) 

for general functions h G Y, when A is not a half-eigenvalue (if h G Y, then we 
would use the operator A and search for solutions u £ X , in the same manner). 
Clearly, p.5|) is equivalent to the equation 

Rx{u) := u + XA~^{au+ - bu^) ^ ~A~^h, ueX, (3.6) 

and the operator R\ : X X is positively homogeneous, in the sense that R\(tu) = 
tRx{u) for any t ^ and u £ X. Also, the mapping u — > au~^ — bu^ : X ^ Y is 
compact, and hence the operator I — R\ is compact. Now, letting Br{c) denote the 
ball in X with radius r and centre c (and putting := i3r(0), for brevity), we see 
that the Leray-Schauder degree, deg(i?A, -Bi, 0), is well-defined whenever A is not a 
half-eigenvalue, see [S]. We will now relate the solvability properties of p.Sp and 
the degree deg(i?A, ^i, 0) to the location of A relative to the set of half-eigenvalues. 
To state this precisely we introduce some further notation. 

For each fc ^ 1, let A^^max = max{AA;,+ , A^ _}, Xk.miu = min{Afc,+, A^ _}, and 
define the open intervals 

^0 J ('^A,inin 1 '^A:,inax ) ; if '^fc,miii ^ '^A:,maxj 
I 05 if Afe,niin = Afejnax, 

Afc = (Afe^max, Afc-|-i,niin), Ag = ( — CxD, Ai.min)- 

Intuitively, Theorem 13.11 says that when a ^ b the term au^ — in equation 
()3.ip 'splits apart' the linear eigenvalue A^ into a pair of half- eigenvalues Afc,±(a, 6), 
and the interval A° is the gap between these half-eigenvalues. It is possible for the 
half-eigenvalues \k,± to coincide, so this gap may be empty. On the other hand, the 
inequality p.2p says that half-eigenvalues with different values of k cannot coincide, 
so the interval A^ between half-eigenvalues corresponding to k and fc + 1 is non- 
empty. Also, all these intervals are disjoint and their union comprises the whole 
of R, except for the half-eigenvalues. Furthermore, by continuity, deg(i?A, Bi, 0) is 
constant on any of the intervals A°, A^. 

Clearly, the intervals A^, i = 0, 1, fc 1, depend on a, 6, and when it is necessary 
to indicate this dependence explicitly we will write A5.(a, 6). 

Theorem 3.9. (A) // A e K\, for some k^O, then: 

(a) deg(i?A,Si,0) = (-l)^ 

(b) for any h £ Y , equation (|3.5p has a solution u € X . 
(B) //A e A^, for some fc ^ 1, then: 

(a) deg{Rx,Bi,0) ^0; 

(b) there exists h £ Y such that equation (|3.5|) has no solution; 

(c) there exists hi, £ Y such that, for any h G Bi{hb), p.Sp has at least two 
solutions. 

Remark 3.10. For the separated problem, similar results to those of Theorem 13.91 
are proved in [lOl Theorem 1.4] (for constant coefficients) and in [iTl Theorem 5.1] 
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(for variable coefficients). The theorem shows that when A is not a half-eigenvalue 
then a 'nonlinear Fredholni alternative' holds for (|3.5p . in the sense that cither: 

(a) there exists a solution u for all h ^ Y, 
or 

(b) there is no solution for some h ^ Y and at least two solutions for other h G Y. 
Such an interpretation was described in, for instance [TUl Corollary 6.1]. 

Remark 3.11. The above results can be regarded as a generalization, to the half- 
linear, multi-point problem, of standard results from the linear spectral theory of 
Sturm-Liouville problems with separated boundary conditions. When a = b the 
problem reduces to the linear case, so Theorem 13.91 also covers the linear, multi- 
point problem. Of course, in the linear case Afe,min = Afc,max for all fc ^ 1, so the 
intervals A^. are empty and part (B) of Theorem l3.9l has no analogue. Furthermore, 
the degree deg(i?A, -Bi, 0) changes by 2 as A crosses a linear eigenvalue, which can 
be regarded, heuristically, as crossing two coincident half-cigcnvalucs, each of which 
contributes a change of 1. 

The solvability and non-solvability results in Theorem 13.91 will be extended to 
the general nonlinear problem (jl.ip . (|1.2p . in Theorem 17.11 below 

3.3. The Fucik spectrum. Using the above results wc can now construct the 
Fucik spectrum Y,p. Wc merely give a brief description here. 
For A: ^ 1, 1/ e {±} and 9 e (0, 7r/2), let 

r[9) (sin0, cos6'), \k,u{0) Afe,i/(sin6',cos0), 

and define the curve 

(TF,k,. :={Afc^.(%(0) :0e (0,7r/2)}. 

It is clear from the preceding results that 

k,u 

Some of the standard properties of the Fuci'k spectrum can easily be deduced from 
this characterisation. In particular, for each fc ^ 2, (Afe,Afc) € aF,k,± (that is, the 
curves (JF,k,± intersect the diagonal hnc {{x, x) : x G R} C at the point (Afe, A/c)), 
and curves corresponding to different values of k do not intersect. Also, it follows 
readily from the Sturm comparison theorem that 

lim Xk.±id) = lim Xk.±iO) = oo, 

so that the curves crF,k,± have horizontal and vertical asymptotes. Furthermore, 
we can obtain analogues of the solvability properties in parts (A) and (B) of Theo- 
rem l3.9l in the gaps (in the plane M^) between the pairs of curves (JF,k,±, or between 
the curves with consecutive values of fc — for more details of such solvability prop- 
erties in the Fucik setting see, for example, [H] or any of the other cited references 
dealing with the Fucik spectrum. 

Another standard property of the Fucfk spectrum is that the curves aF,k,± 
are monotonically decreasing in R^. This is not so easy to prove here, with the 
parametrisation of the curves in terms of the angle 9. Since the main interest of the 
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Fucik spectrum is in obtaining solvability criteria, and we have obtained such crite- 
ria in Theorem [331 there seems little need to investigate the geometrical properties 
of Si? any further here. 

The Fucik spectrum was first introduced by Fucik in , and the paper [4] con- 
tains a comprehensive investigation of this spectrum and its application to jumping 
nonlinearity problems. Many of the results here have analogues in [4] and, in vary- 
ing degrees of generality, in many other papers since then (for separated problems). 

4. Solutions with a single boundary condition 



In this section wc will construct solutions of equation (|1.5|) satisfying a single, 
multi-point boundary condition. For notational convenience in constructing such 
solutions, from now on (in this section and later) we will write A = s^, a = 7^, 
6 = 7^ (given our hypothesis that A, a, & > this is possible), and we consider the 
problem 

-u" = s^(7+u+ - J^u-), on M, (4.1) 

m 

u{Vo) =^Oiiu{Vi), (4-2) 
1=1 

for arbitrary a E A'^, ijq E R and i] E R"\ Wc can regard (|4.ip . (|4.2|) as a 
'multi-point, initial value problem', and wc will prove the following existence and 
'uniqueness' result for this problem. 

Theorem 4.1. For fixed s,j± > 0, m ^ I, a E A"^, rjQ E R and 77 E M™, there 
exist functions ip± E C'^(M) such that ±ip'^{r]o) > and the set of solution of (|4.ip . 
(|4.2[) . has the form 

{C+i'+ : C+ ^ 0} U {C-i^- : C_ > 0}. 



Remark 4.2. Theorem 14.11 shows that if 7-1- 7^ 7_ then, in general, the solution set 
of (j4.1|) . ()4.2p . consists of two 'half-rays' spanned by the functions V'i- However, 
if 7_^ = 7_ (so that the problem is linear), then the solution set must be a linear 
subspace, so we have ■(/;+ = ■(/;_ and the solution set has the form {Ci/j-i- : C G M}. 

Proof. Define G (R) to be the solution of the initial value problem 

(4.3) 

*(0) = 0, *'(0) = 1. 

Clearly, "i! has only simple zeros and, on any interval where ±5* > 0, it satisfies the 
equation —'J/" = 7^5", so the graph of 4' consists of a succession of positive and 
negative, sinusoidal 'bumps'. Thus, 4* has the form 

^'(a:;) = ±— sin(7±x - t±{x)), when ±5'(x) > 0, (4.4) 
7± 

where t±{x) is defined by 

^^^T±{x) :— max{z < x : ^(z) = 0}, 

that is, 7-|r^T-|-(a;) is the zero of 11/ immediately below x. Also, * is periodic, with 
period 

TT TT 

:= \ . 

1+ 1- 
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Next, for any (s, 6) £ (0, cx)) x R wc define w{s, 6) G C^{M.) by 

w{s,S){x) ■.^'^{sx - S), xeR. 

It can easily be verified tliat any solution of (j4.1[) must have the form Cw{s, S), for 
some C ^ and {s,6) G (0, oo) x M, and w{s,6) satisfies the boundary condition 
if and only if 

m 

T{s, S, a) -.^ w{s, (5)(r/o) - ^ aM^, SM) - 0. (4.5) 

i=l 

Thus, it suffices to consider the set of solutions of (|4.5p . Clearly, the function 
r : (0, oo) X R X A'" ^ R is C^, and we will denote the partial derivatives of F with 
respect to s and S by Ts and Tg. 

Lemma 4.3. For any (s, S, a) £ (0, oo) x R x A^, 

T{s,S,a)=0 =^ Ts{s,d,a)^0. 

Proof. Suppose that, for some {s,S,a) e (0, oo) x R x A™, 

r(s,(5,a) = r5(s,5,a) = 0. (4.6) 

Suppose also, without loss of generality, that 

w{s,S){rio) ^ 0, w{s,S)(r]i) ^ 0, Is^is^p, w{s, S){rii) < 0, p < i m. 

Then, by (|4.4[) . we can rewrite (|4.6p as 

p m m 

So ^"^aiSi - ^ ai — Si, Co=^aiCj, (4.7) 

i—l i—p+l ^ i=\ 

where 

sin(7+(s77j - 5) - T+{srii - (5)), z p, 



5. 



sin(7_(s77i — (5) — T^{srii — 5)), p < i ^ m, 



and the terms C.j, 5j i 5j m, are defined similarly, by replacing sin with cos. Now, 
by (|4.7p . and the fact that Sj 0, i = 0, . . . , m, 



J, . . . , (If, 

p 



1^S^ + Cl ^SoJ2 + l^ol ^ a,\a\ ^ ^^{SoS^ + \Co\\a\) 



i=l i—l i—l 



which shows that (|4.6p cannot hold. □ 
Lemma 4.4. _For any (s, 6, a) 6 (0, oo) x R x A^, 

r(s,J,a) = w(s,(5)'(7^o) # 0. 
Proof. Suppose that, for some (s, 5, a) S (0, oo) x R x 

m 

u;(s,(5)(?7o) = XI '^)(^') > ^ and u;(s, (5)'(7^o) = (4.8) 

1=1 

(w(s, 5)(?7o) 7^ since w^s, 5) is non-trivial, and the case w(s, <5)(??o) < is similar). 
Then, by its repeating, sinusoidal form, the function w{s, S) has a global max 
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at a; = 770, that is, w{s,S){x) < w{s,S){r]Q), for all x G M, so by ()4.8p and the 
assumption that a G A^, 

m 

1=1 

This contradiction proves the lemma. □ 

For any s > and a G A™, it follows from the above definitions that the 
function T{s, •,«) is p\f-periodic, so there are multiple zeros of (|4.5p which do not 
yield distinct solutions of the problem (|4.ip , (|4.2p . To remove these additional zeros 
and to make the domain of S compact, from now on we will regard 6 as lying in the 
circle (which we denote by S^) obtained from the interval [0,piii] by identifying the 
points and p*, and we then regard the domain of F as (0, 00) x x A+ (clearly, 
F is stiU C^). 

For any fixed s > the function F(s, ■, 0) has exactly two zeros 5±{s, 0) G S^, and 
these zeros are simple and may be labelled so that ±w(s, S±{s, 0))'(?7o) > 0. Hence, 
by a simple continuation argument, using Lemma 14.31 and the implicit function 
theorem, we see that F(s, •, a) has exactly two zeros 6±{s, a) G for all a G A^, 
and these zeros depend continuously on a. Also, by Lemma |4.4| 

±w{s,6±{s,a)y{r,o) = ±w{s,S±{s,0)yM > 0, a G AJ^, 

so setting -0^ w{s, S±{s, a)) completes the proof of Theorcm l4.1l □ 

Remark 4.5. The variable s has been fixed throughout this section, but the above 
notation and Lemmas 14.31 and 14.41 will be required in Section [SJ where s will vary. 

5. Proof of Theorem 13. II and Corollary 13.21 

Since we have assumed that a, 6, A > we may now rewrite the half-eigenvalue 
problem (|3.ip in the form 

- Au^ s^{-flu+ --flu-), ueX (5.1) 

(that is, we have put A = s^, = 7^, & = 7^), and we may apply the constructions 
in Section m to (|5.ip . In particular, we continue to use the solution w{s,6) of the 
differential equation (|4.ip defined there. Substituting w{s,S) into the boundary 
conditions (|1.2p now shows that a number A = is a half-eigenvalue of (j5.1|) if and 
only if the pair of equations 

F±(s, 6, a±) := w{s, S){±1) - ^ afw{s, S){vt) = 0, (5.2) 

1=1 

is satisfied, for some 5 G K, and then w{s,S) is a corresponding half-eigcnfunction. 
Thus, we will prove the theorem by considering the set of solutions of (|5.2p . As 
for the function F in Section |4l we will regard the domains of the functions F^ as 
(0, 00) X X A+. Again, it is clear that these functions are on this domain. 

The following proposition now proves the existence and uniqueness of the half- 
eigenvalues. 

Proposition 5.1. For each k ^ 1, v £ {±} and a G A+, there is exactly one 
solution {sk,^{ot),Sk.iy{ot)) G (0, cxo) x of (|5.2|) such that w^Sk^^icsi), Sk,v{(y-)) G 
Tfc^jy. There are no other solutions of (|5.2p in (0,cxd) x . 
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Proof. When a = the problem p.ip is a constant coefficient, half-eigenvalue 
problem with separated (Dirichlet) boundary conditions, so it is elementary to ex- 
plicitly construct the half-eigenvalues and corresponding half-eigenfunctions, which 
wc will write as A° _|_ ~ (s° _|_)^, u° ^ — w{s^ ^,6° ^) G Tfc.±, fc ^ 1, for suitable 
s° _|_, (5° J-, see [1] or the proof of [71 Theorem 11.5] for the details. This yields the 
following lemma (which we state for reference). 

Lemma 5.2. When a = 0, Proposition \5.1\ holds with corresponding solutions 

To extend Lemma 15.21 to the case a ^ we require the following lemmas. 
Lemma 5.3. For any (s, 6, a) G (0, oo) x R x A+, and v G {±}, 

{where w{s, S)' {±) means z«(s, (5)'(±1)). 

Proof. This follows immediately from Lemmas 14.31 and 14.41 and the definitions of T 
and r='= (the proof that r^(s, S,a) is similar to the proof of Lemma [4.31 using 
the additional fact that \r]f\ ^ 1, i = 0, . . . , m^, here). □ 

Lemma 5.4. For any {s,5,a) G (0, oo) x M x A+, 

T'^{s,5,a'^) =r^{s,S,a~) = w{s,d) G Tk.,^, for some k ^ 1 and u ^ {zt}. 

Proof. By the definition of the sets Tk^u and the form of w{s^ 6), it suffices to show 
that w{s, (5)'(±1) 7^ 0, but this follows from Lemma □ 



The proof of Proposition IS . 1 1 can now be completed by following the continuation 
argument in the proof of [HI Theorem 4.1], so we will merely outline the argument 
here. Lemmas l5.21l5.3] and l5.4l above provide the necessary analogues, in the current 
setting, of Corollary 4.5, Lemma 4.6 and equation (4.6) in [5]. The argument is 
then similar to that in the proof of Theorem 14.11 except that we now have the 
pair of equations (|5.2p to consider, rather than the single equation (|4.5p . However, 
as shown in the the proof of [9j Theorem 4.1], the above results enable us to 
apply the implicit function theorem at an arbitrary solution (s, 5, a) of (|5.2p (with 
a = {a~^,a~) G .4.+ ), so wc may construct the entire set of zeros of (|5.2p . at an 
arbitrary a G A+, by continuation away from the zeros at a = (as given in 
Lemma 15.21) . □ 



Proposition 15.11 has proved the existence and uniqueness of the half-eigenvalues 
Afc,i/(a) := Sfc j,(a), with half-eigenfunctions Uk,„icy.) := w{sk,v{oc), 6k,i,{a)) for 
a G A+ . We will now prove that these half-eigenvalues are increasing, in the sense 
of inequality p.2p . To do this we first note that, by the explicit construction when 
a = 0, the half-eigenvalues Xk,v{0) = A° satisfy p.2p . Thus, by the continuation 
construction of Afc.i/(Q:), for general a G A+, it suffices to show that Afc.i/(Q:) 
Xk+i.„'{a) for all fc 1, i^, i^' G {±} and a G A+. 

Suppose, on the contrary, that Xk^^{cy.) = Xk+i^uicx)-, for some such k, v and ol. 
Then, by Proposition 15. II and the definition of the sets Tk.,^,Tk+i^^, 

sgnuk,„{oty {-!) = sgnMfc+i,i.(a)'(-l), 
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SO Theorem 14.11 together with the boundary condition ()4.2p at 770 = — 1 , shows 
that Uk,u{ct) = Uk+i,u{cx), which is a contradiction, since the sets Tk^u,Tk+i^i, 
arc disjoint. Now suppose that Xk.i,{ck) = Xk+i^-iy{a). Since, by definition, the 
derivative of a function in Tk.i, changes sign exactly k times in the interval (—1, 1), 
we see that in this case 

sgnufc,^(Q;)'(l) = sgnMfe+i,_^(a)'(l), 

so Theorem 14.1) together with the boundary condition ()4.2p at 770 = 1, now shows 
that Uk^i, = Uk+i,-u, which is again a contradiction. This proves that the half- 
eigenvalues are increasing. 

Next, the fact that limfe^oo ^k.± = c)o is clear from the Sturm comparison theo- 
rem, so it only remain to prove that ±ui^-|- is strictly positive on (—1, 1). To do this 
we observe that a half-eigcnfunction which does not change sign is in fact an eigen- 
function of a linear problem. Specifically, recalling Remark 13.51 it is shown in [151 
Theorem 3.1] that the linear eigenfunction ui may be chosen to be strictly positive 
on (—1, 1) and ui G so by the above uniqueness result for the half-eigenvalues, 

Ai.+ = Ai/a, ~ wi, Ai._ = Ai/6, = ~ui 

(up to a positive scalar multiple of the eigenfunctions). This proves the desired 
positivity, and finally completes the proof of Theorem 13.11 □ 
The proof of Corollary 13.21 now follows immediately from the implicit function 
theorem and the continuation construction of the half-eigenvalues, using the fact 
that the functions are functions of the variables {a,b,a.,r]) (although this 
dependence was suppressed above). 

6. Proof of Theorem 13.91 

6.1. Part (A). Corollarv l3.2l showcd that the half-eigenvalues depend continuouslv 
on q; £ , and for the duration of this proof we indicate this dependence explicitly 
by writing Xk,±{cy.), ci G A-\-, for k ^ 1. Furthermore, for the duration of this proof, 
we indicate the dependence on a of the space X, and hence the ball Bi C X and 
the operator Rx : X ^ X,hy writing Xq,, i?i,a and R\^a- We can readily construct 
a continuous family of bounded, linear isomorphisms Sa ■ Xq — ^ Xa, a G A+, with 

the identity on Xq. We now fix fc ^ 1 and prove the result for arbitrary (fixed) 
a° G A+ and A° G (Afc,max(a°), Afc+i,niin(a"))- 

By (|3.2p . we can choose a continuous function p : [0, 1] ^ R such that 

p{t) G (Afe,„,ax(to"),A (toO)), iG[0,l], p(l) = A", (6.1) 

and define Tt : Xq ^ Xq, t G [0, 1], by 

Tt(lt) := Sf2oRp{t),ta° StoiOU, U G Xq. 

Clearly, Tt{u) depends continuously on {t,u) G [0, 1] x Xq. Also, by (|6.ip and the 
definition of Tt, for each t G [0, 1] there is no non-trivial solution of the equation 
Tt{u) = 0, so by standard properties of the degree, 

deg(i?AO,5i,„o,0) =deg(ri,Bi,o,0) =deg(ro,Bi,o,0) =deg(i?p(o),o,i?i,o,0). 

Now, recalling that when a = the problem is a Dirichlet problem, it is shown in 
[TT| Theorem 5.5] (which deals with the separated problem) that 

deg(i?p(o),o,Si,o,0) = (-l)^ 
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which proves part (A)-(a). Part (A)-(b) now follows from part (A)-(a), the positive 
homogeneity of the operator i?>o , and standard properties of the degree, see parts 
(D4) and (D5) of Theorem 8.2 in [5]. Finally, a simple modification of the above 
argument also proves the result for the case fc = (simply by omitting any reference 
to Ao,max hi this case). 

6.2. Part (B). Wc first prove part (B)-(b) — part (B)-(a) then follows immediately 
since, by the above argument proving part A-(b), the existence of h for which 
equation p.Sp has no solution shows that deg(i?A, -Bi, 0) = 0. 

For any s > 0, we set m = m^, rjo = —1, rj = rj^ and a = a^, and use 
the results of Section 2] to construct the corresponding numbers (5±(s, and 
functions 'ip± ~ w{s,S±{s^a~)) which satisfy (jl.5l) and the boundary condition 
(jl.2p at —1 (as in Theorem 14. ip . Thus, recalling the functions F^ defined in (|5.2p . 
in the proof of Theorem 13. 1[ we see that {s,S±{s, a~), a~) = 0, and A = is a 
half-eigenvalue iff 

B{X) ~ F+(s,(5_(s,a"),a+)F+(s,(5+(s,a"),a+) = 0. 

Also, the results in the proof of Theorem 13 . 1 1 show that if, for some fc ^ 1, Afc._ ^ 
Xk.+ then the sign of B{X) changes as A crosses the half-eigenvalues Xk,±- 

Proposition 6.1. If B{X) > then there exists h gY such that equation p.Sp has 
no solution. 

Proof. Suppose further that 

F+(.s,J±(s,a~),a+) > (6.2) 

(the other case is similar). In particular, ()6.2p implies that ip±{l) > 0. Wc first 
construct a suitable function h. Consider the initial value problem 

—v" = av + Av — 1, 

(6.3) 

for arbitrary xi £ (—1, 1). It can easily be shown that there exists a sufficiently 
small S > such that if xi G [1 — (5, 1) then any solution v of ()6.3p has no zero in 
{xi,l]. We can also choose S sufficiently small that < 1 — (5, for 1 ^ j ^ m'^, 
V £ {±}, and '^±[x) ^ for x S [1 — (5, 1]. Let xq = \ — (5, and define 

[-1, X £. [xo, 1]. 

Now, for any 7 £ R, let ^^^q := |7|V'sgn7 (so $^^0 satisfies (|1.5p and the boundary 
condition (|1.2p at —1) and let '^-^^k denote the solution of the differential equation 
corresponding to p.Sp satisfying ^-^^h = ^7,0 on [— Ij^eq]. Any solution of p.Sp 
must be of the form <I>7./i, for some 7 G M, and $-y./i is a solution of p.Sp if and 
only if it satisfies the boundary condition ()1.2p at 1. We will show that this cannot 
happen for any 7 G R. 

Clearly, if 7 = then $^.0 = 0, while if 7 7^ then $..^,0 has no zeros on [xq, !]• 
Furthermore, from the form of /i, 

$^,o(a;o) = *7,'»(a;o), *7,o(2;o) = ^-^y.hCa^o), 

and $^_?i(x) > $^.o(a;), for sufficiently small x ~ xq > 0. In fact, we have the 
following result. 
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Lemma 6.2. For any 7 G M, ^^,h > $7,0, on {xq, 1]. 

Proof. Suppose the contrary, and let xi be the first zero of ^-y,h ~ *i'7.o in i^Oi !]• 
Then ^^j^ — <I>^ > in {xo,xi), and ^'^ hi^i) ~ '^'7,0(^1) ^ 0. Now suppose that 
$-^.0 on {xq, 1), and define 

W = <f>;,,$7,o - 'i>7,'.'i';,o- 

Then W{xo) = 0, and by equation (|3.5p . Vt^' > on (xo,xi), so that > on 
(xo,Xi]. On the other hand, 

W{xi) = $^,0(2:1) (<i>;^(a;i) - <i>;,o(a:i)) 0, 

and this contradiction deals with the case $-,..0 5^ on (xo,f). Now suppose that 
^^,0 < on (xq, 1). If ^7,/i < on (xo,xi) then a similar argument deals with this 
case so we suppose that ^-y.h changes sign on {xo,xi). But, by the choice of S, the 
function $7,/i can have at most one zero in {xq, 1], so we again obtain > ^"7.01 
on {xq , 1] , which completes the proof of Lemma 16.21 □ 

Now, for any 7 g M, combining (|6.2p and Lemma [6.21 yields 

%,h{l) > $7,0(1) = |7|^,g„^(l) ;s ^a+|7|V'sg„7k+) 



i=l i=l 



which completes the proof of Proposition 16.11 □ 
Now, combining Proposition 16.11 with part (A) shows that 

U A", = {A : B{X) > 0}, \jAl = {X : B{X) < 0}, 

and hence completes the proof of part (B)-(b) of Theorem 13.91 

To prove part (B)-(c) we require the following two lemmas. The first lemma 
shows that the operator R\ : X ^ X has a Frechet derivative at certain points 
u € X, which we denote by DuR\{u), and gives the form of this derivative. For any 
u G A we denote the characteristic functions of the sets {x E [—1, 1] : zku{x) > 0} 
by X„± . 

Lemma 6.3. If u £ X has only simple zeros in [—1, 1] then, for any A > 0, the 
operator R\ is Frechet difjerentiable at u, with DuR\{u) given by 

DuR\{u)v = v + AA"^((ax„+ + hxu-)v), w G A, 

Proof. The proof is similar to the proof of [TUl Lemma 3.1]. □ 

Lemma 6.4. If X G A", for some k ^ 1, then there exists uj — uj{X) G A such that 
DuR\{i-u) is non-singular. 

Proof. Choosing wi G A such that ui > 0, it follows from Lemma 1^751 that 

DuR\{uJi)v ^ V + XA^^{av), u G A, 

and hence DuRx{uji) is non-singular (so wi suffices for the result) unless the equa- 
tion 

- Aw = Xav, VGA, (6.4) 
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has a non-trivial solution v. 

Suppose that ()6.4p has a non-trivial solution vi. Choose Xj, j = 1,2, such that 
ryf < xi < X2 ^ 1 for alH = 1, . . . , m" , u G {±}, and choose 0J2 £ X, such that uj2 
has a simple zero at each Xj, and a;2 > on [— 1, xi) U (2:2, 1], ^2 < on (xi,X2). 
We now have 

DuRx{uj2)v = v + XA-\ax^+ + bx^^)v, veX 

(note that since A e we must have a ^ b), and now DuRx{'^2) is non-singular 
(so 102 suffices for the result) unless the equation 

- A« = A(ax^+ + bx^- )«, v€X, (6.5) 

has a non-trivial solution v. 

Suppose that (|6.5p has a non-trivial solution U2. Given the choice of xi, 2:2, it 
follows from the boundary condition ()1.2p at x = —1 and Remark 14.21 together 
with equations (|6.4p and (|6.5p . that we may suppose that vi = V2, on [— and 
hence, by the boundary condition (|1.2p at a; = 1, we must have 

«i(l)=V2(l). (6.6) 

We now show that there exist xi,X2 such that (|6.6p is false. 

Lemma 6.5. If X2 = 1 and xi is sufficiently close to 1 then Vi(l) 7^ '^'2(1)- 

Proof. Suppose that wi(l) = ''^2(1)- Then we may choose xi sufficiently close to 1 
that ui, V2 are non-zero on [xi, 1), and satisfy 

—v'l ~ Aawi, — 1>2 = A6i;2 
wi(a;i) = t;2(a:;i), ^^(a;!) = Wjla^i), wi(l) = V2(l)- 

Since a 7^ &, a slight modification of the proof of Theorem 1.2 in Chapter 8 of [3] 
(the Sturm comparison theorem) now shows that this is impossible. □ 

Returning to the proof of Lemma 16.41 we choose xi as in Lemma 16.51 and we 
can then choose X2 < 1 so that wi(l) 7^ "^2(1) (by continuous dependence of V2 on 
X2). This shows that, for this choice of Xi,X2, (j6.6p is false, and hence Dy_R\(u)2) 
is non-singular. This completes the proof of Lemma 16.41 □ 

We now proceed with the proof of part (B)-(c) of Theorem 13.91 Let hi, := 
—/S.R\{uj) G Y, where uj is as in Lemma [6.41 Then w is an isolated solution of the 
equation R\(u) = — A~^/ib, with index ±1. Hence, by continuity properties of the 
degree and part (B)-(a), there exists sufficiently small numbers ri, r2, ra > such 
that, for any h G Br^lhb), 

deg(i?A,Bi(0),-riA-i(/i)) =0, dcg{Rx,Br,{n^),-nA-^{h)) ^ 0, 

and so the equation R\{u) = — riA^^(/i) has solutions in the balls Br2{riio) 
and i?i(0) \ Br^iriio) (we assume that the numbers are sufficiently small that 
Br^iriuj) C i?i(0)). The result as stated in the theorem now follows by scaling and 
using the positive homogeneity of Rx. This proves part (B)-(c), and so completes 
the proof of Theorem 13.91 
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7. Non-linear problems 

In this section we consider the solvabihty properties of the problem (|1.2p . 
which we rewrite as 

- Au = f(u) + h, ueX (7.1) 

(here, for any u G C°[— 1, 1] we let f{u) G C"[— 1, 1] denote the function f{u{x)), 
X G [—1,1]). We have the following analogue of Theorem 13.91 

Theorem 7.1. (A) If 1 £ Aj,(/oo, /-oo); for some k ^ 0, then for any h £ Y 
equation (|7.1|) has a solution u E X . 

(B) If 1 E A2(/oo, f-oo), for some k ^ 1, then there exists Hq, ft,2 & Y such that if 
h = ho then equation (|7.ip has no solution, while if h ~ h2 then equation (j7.ip has 
two solutions. 

Proof. The proof of part (A) and the zero solution assertion in part (B) is similar to 
the proof of parts (iii) and (iv) of [H Theorem 5] , using the results of Theorem 13.91 
above, while the proof of the two solutions assertion is a slight extension of the 
above proof of the corresponding result in Theorem 13.91 □ 

The solvability results stated in Theorem 17. II were obtained in [H Theorem 5] for 
the equation (|7.1|) with Dirichlet boundary conditions. These results were extended 
to more general, separated boundary conditions and variable coefficients in [TTJ 
Theorem 6.1]. Similar results for other separated problems have been obtained in 
many other papers (see, for example, the references in |11[ I12j ). In many of these 
papers the results have been expressed in terms of hypotheses on the location of 
the point (/oo,./-cxj) S relative to the Fucfk spectrum of the problem. The 
hypotheses in Theorem 17.11 ensure that A = 1 is not a half-eigenvalue, and so 
(/ooi/-oo) is not in the Fuci'k spectrum. In fact, in the constant coefficient case 
considered here these hypotheses are equivalent to the usual conditions on the 
location of the point (/oo, /-oo) relative to the Fuci'k spectrum (see [HI [12] for a 
more detailed discussion of the relationship between the half-eigenvalues and the 
Fuci'k spectrum in the separated problem, which applies equally well here). That is, 
the Fucfk spectrum and the half-eigenvalues are equivalent concepts here. However, 
it was convenient to prove Theorem 13.11 in particular, using the half-eigenvalue 
parameter A. Furthermore, as mentioned in the introduction, it is shown in [TTJ 
[T2] that in the general, separated, variable coefficient case the results obtained 
using half-eigenvalues are stronger than those obtained using the Fuci'k spectrum 
approach, so it seemed preferable to state our results in terms of half-eigenvalues 
rather than the Fuci'k spectrum. 

8. Global bifurcation and nodal solutions 
In this final section we suppose that 

/(0) = 0, /o:=lim/^>0 (8.1) 

(we assume that this limit exists and is finite), and we briefly describe a Rabinowitz- 
type global bifurcation theorem and then obtain nodal solutions of ()7.1|) with h — 0. 
Given the preceding results, these results are now relatively standard so we omit 
most of the details. 
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8.1. Global bifurcation. We first briefly consider tlie bifurcation problem, 

- A{u) ^ A/(u), (A, u) £Rx X. (8.2) 

Clearly, by (|8.ip . u = is a solution of (|8.2p for any A G M; such solutions will 
be called trivial. The following Rabinowitz-type global bifurcation theorem for 
nontrivial solutions of (|8.2p was proved in |l5l Theorem 6.2] (recall the eigenvalues 
Afe introduced in Remark [33]) . 

Theorem 8.1. For each fc ^ 1 there exist closed, connected sets C (0, oo) x X 
of solutions of (j8.2p with the properties: 

(a) (Afe//o,0)eC±; 

(b) C±\{(Afe//o,0)}c(0,^)xr±; 

(c) is unbounded in (0, oo) x Y . 

8.2. Nodal solutions. We now search for nodal solutions of the problem 

- Au = /(u), u<=X (8.3) 

(that is, solutions u lying in specific sets T^.v)- We suppose through this section 
that 

sf{s) > 0, s^O. (8.4) 
Theorem 8.2. // (EH) holds and 

{Xk/fo - l)(Afe,.(/oo,/-oo) - 1) < 0, (8.5) 
for some k ^ 1 and v, then (|8.3|) has a solution u G Tk^v 

Proof. The proof is essentially the same as the proof of [Ml Theorem 7.1] (although 
the half-eigenvalues used in jl4| were for problems of the form p.3|) ). so we merely 
sketch it here. 

By Theorem 18.11 there is a continuum, Ck,iy, of solutions of (|8.2p . bifurcating 
from (Xk/ fo,0), and by the argument in |14j it can be shown that Ck^u 'meets 
(Afe.y (/oo, /-oo), oo)' (more precisely, there exists a sequence {fJ-n,Un) G Ck.i^, n = 
1,2,..., such that fin — )■ Xk,i^{foo, f-oo), \un\o — ^ oo)- Since Ck.i, is connected, it 
now follows from (j8.5p that Ck,i> must intersect the hyperplanc {1} x Tk,i, at a point 
(1, u), and hence u G Tk^„ is a solution of (j8.3p . □ 

Remarks 8.3. Nodal solutions for similar problems have been obtained previously, 
in several papers: 

• [S], IE] and [13] considered one separated and one multi-point Dirichlet 
boundary condition; 

• [15] considered two multi-point Dirichlet boundary conditions; 

• |16j considered two multi-point Neumann boundary conditions, or a mixture 
of Dirichlet and Neumann conditions. 

NB the papers [6] , [15] , [16] dealt with equations involving the p-Laplacian. 
We briefiy summarize the result obtained in these papers. 

(a) Theorem 5.7 in [6] obtained similar nodal solutions to Theorem 18 . 21 above, but 
the limits (|1.3|) were not assumed to exist (and the half-eigenvalues had not been 
obtained) in [6] , so instead of the above condition (|8.5p a condition involving certain 
lim sup's and liminf's of f{s)/s, as s cxd, was used. When applicable, condition 
(j8.5|) is a weaker hypothesis than the conditions in [6] Theorem 5.7]. 

(b) Theorem 7.1 in [14] is similar to Theorem 18.21 above (using half-eigenvalues). 
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but only considers a 3-point boundary condition, at one end point. 

(c) When foo = /-oo the nonlinearity / is 'asymptotically linear'. Theorem 18.21 
clearly applies to such problems, and the half-eigenvalues Xk,v{foo, /-oo) reduce to 
^k/ foo- Such problems were considered in all the above cited papers. 

(d) The 'superlinear' case foo = /-oo = oo has also been considered, see O 
Theorem 5.5] and [13l Theorem 5.4]. This case does not involve half-eigenvalues, 
and the proofs of these results extend readily to the present setting, so we simply 
state the corresponding result here, without proof. 

Theorem 8.4. Suppose that foe = /-oo = oo- U (|8.4p holds and Xk/fo > 1; for 
some ko ^ 1, then for each k ^ fcp, (|8.3p has a solution u G T^, ^. 
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